On the exponent of mutually permutable products of two abelian groups
Introduction
Throughout this paper all groups are finite and p denotes a fixed prime.
We recall that two subgroups A and B of a group G are said to permute if AB is a subgroup of G. A and B are called mutually permutable if every subgroup of A permutes with B and every subgroup of B permutes with A. If every subgroup of A permutes with every subgroup of B we say that A and B are totally permutable. Obviously totally permutable subgroups are mutually permutable but the converse does not hold in general.
Products of mutually and totally permutable subgroups have been widely studied in the last twenty five years and receive a full discussion in [1] . The emphasis was on how the structure of the factors A and B affects the one of the factorised group G = AB and viceversa. The class of all p-supersoluble groups, or p-soluble groups in which every p-chief factor is cyclic, is one of the most useful classical classes to highlight the differences between totally and mutually permutable products. Every totally permutable product of two p-supersoluble subgroups is p-supersoluble. In particular, G , the derived subgroup of G, is p-nilpotent. This result does not remain true for mutually permutable products (see [1, Example 4.1.32] ). However, in that example, the derived subgroup is still p-supersoluble.
This then brings up the natural question of whether or not the derived subgroup of a mutually permutable product of two p-supersoluble groups is p-supersoluble. A possible minimal counterexample is a primitive p-soluble group whose core-free maximal subgroup is a mutually permutable product of two abelian subgroups of exponent dividing p − 1. Hence, the answer seems to depend on obtaining suitable bounds for the exponent of a mutually permutable product of two abelian subgroups in terms of the exponents of its factors.
If G = AB is a product of two abelian subgroups, then G is metabelian by a well-known result of Itô. Futhermore, by a result of Howlett [5] , if e and f are the exponents of A and B respectively, then the exponent of G divides ef . If G = AB is a metabelian group which is the product of two subgroups A and B of exponents e and f respectively, then Mann [7] proves that the exponent of G divides (ef ) 3 and if either A or B is abelian, then the exponent of G divides (ef ) 2 . Our main aim in this paper is to obtain better bounds on the exponent of a mutually permutable product G of two abelian subgroups in terms of the exponents of the factors. A bound on the exponent of G that allows us to give an affirmative answer to the above question is also determined. Some results about the p-length of mutually permutable products will follow as direct consequences of our main theorems.
Preliminaries
It is assumed that the reader is familiar with the notation presented in [1] and [3] . In order to make our paper reasonably self-contained, we collect in the following lemma some well-known facts about divisibility of binomial coefficients.
Lemma 1. (i) ([4, Lemma])
For all positive integers q, r and i, with i ≤ p r q,
is divisible by p.
The following expansion formulas for metabelian groups are also needed (see [6, Lemma 3.1 
]).
Lemma 2. Let G be a metabelian group and n a positive integer. Then, for all x, y ∈ G,
The following lemma gives information about groups which are products of two cyclic p-groups which is crucial in the proof of the results of the next section.
Lemma 3. Let the p-group G = a b be the product of two cyclic subgroups A = a and B = b . Assume that the exponent of G divides p n and fix
Proof (i) We use induction on i. According to [1, Corollary 3.1.9], G is a totally permutable product of the subgroups A and B. Therefore 
. We can apply now the above arguments to conclude that (
We proceed by induction on j. Statement (i) tells us that the result is true for j = 1. Assume that j > 1 and (
3 Bounding the exponent of mutually permutable products of two abelian groups
If the group G is the product of two abelian groups A and B and they have finite exponent, then so does G, and moreover the exponent of G is bounded in terms of the exponents of A and B [4] . The aim of this section is to prove that this bound can be considerably improved in the case when G is either a totally or a mutually permutable product of two abelian subgroups. A bound for the exponent of the derived subgroup in terms of the exponents of the factors is also exhibited.
Theorem 1.
Let the group G = AB be the product of the cyclic p-groups A and B. Assume that A and B have exponent dividing p n . Then the exponent of G divides p n . Moreover, the nilpotency class of G is at most n.
Proof By [1, Corollary 3.1.9], G is the totally permutable product of A and B. Suppose that A = a and B = b . We prove that the exponent of G divides p n by induction on n. If n = 1, then G is p-elementary abelian and the theorem holds in this case. Suppose that n > 1 and write
Then Z is a totally permutable product of two cyclic p-groups of exponent dividing p n−1 . By induction, the exponent of
Consequently (x p ) p n−1 = x p n = 1 and hence the exponent of G divides p n . We prove that the nilpotency class of G is at most n by induction on n. The result clearly holds when n = 1. Assume that n > 1. If j < n, then G/G p j is a product of two cyclic groups of exponent dividing p j . By induction, the nilpotency class of
Next, we see that all of the factors of the above product belong to
is divisible by p n−j . Then r = p n−j t for some integer t. Since
On the other hand, applying Lemma 3(i),
If p = 2 and n = 2, then G has exponent dividing 4 and the nilpotency class of G is at most 2. Assume that p = 2 or p = 2 and n = 2. Then n < p n−1 . Hence, by Lemma 1(ii), it follows that
and G has nilpotency class at most n, as wanted.
The general case follows from Theorem 1. Specifically, we have: Corollary 1. Let the group G = AB be the product of the totally permutable abelian subgroups A and B. Assume that the exponents of A and B divide
Proof First at all, note that the exponent of G is equal to the product of the exponents of its Sylow subgroups. By [1, Theorem 1. In [4, Theorem 1], it is proved that if G = AB, where A and B are abelian groups with exponent dividing e, where e = p 1 r 1 p 2 r 2 · · · p n rn , and p 1 , p 2 , . . . , p n are distinct primes, then the exponent of G divides f , where f = ep 1 . . . p n . In particular, the exponent of G divides ef .
Our next results show that in the case when A and B are mutually permutable subgroups of G = AB, then the exponent of G divides f and the exponent of G divides e.
Theorem 2. Let the group G = a Z b Z be the product of the mutually permutable abelian p-subgroups a Z and b Z. Assume that a and b have exponent dividing p n and Z has exponent dividing p m . Then the exponent of G divides p t , where t = max(n + 1, m).
is the product of the totally permutable subgroups a T /T and b T /T . By Theorem 1, the exponent of G/T divides p n and the nilpotency class of G/T is at most n. Let x be an element of G. Then x = shz for some s ∈ a , h ∈ b , and z ∈ Z. Next we show that (sh) p n+1 = 1. Write t = h −1 . By Lemma 2, we have 
]. Use of Lemma 2, allows us to conclude that is divisible by p n−(i+j−1) .
Consequently, (sh) p n+1 = 1, as wanted. Finally, as z ∈ Z ∈ Z(G), if t = max(n + 1, m), we obtain that x t = (sh) p t z p t = 1. This completes the proof of the theorem.
We shall draw two conclusions from the preceding theorem.
Corollary 2. Let the group G = AB be the product of the mutually permutable abelian subgroups A and B. Assume that the exponents of A and
Proof The result will follow if we bound the exponent of the Sylow subgroups of G. By [1, Theorem 1.1.19], for each prime p i dividing |G|, there exists 6 a Sylow p i -subgroup of G, P i say, such that P i is prefactorised, that is, 
Proof By [1, Lemma 3. tr as a product of three p-elements in the following way:
for some non-negative integers f and l. Since ([u, z]) f belongs to a Sylow psubgroup of u Z z Z, where Z = A ∩ B, we have that the order of (
Furthermore, v and z are both p-elements. Applying the above argument, it follows that the order of [v, z] tr divides p α . Hence the order of [a, b] tr and x divides p α , contrary to our supposition. Consequently, the exponent of P ∩ G divides p α . The proof of the theorem is now complete.
Applications to the structure of mutually permutable products
One well-known feature of the saturated formation of all p-supersoluble groups is that it is closed under the formation of totally permutable products ([1, Theorem 4.1.31]). Unfortunately, this result does not remain true for mutually permutable products, even if the factors are normal (see [1, Example 4.1.32]). However, a mutually permutable product G of p-supersoluble groups is p-supersoluble if and only if G is p-nilpotent. These results show the central role played by the derived subgroup in the structure of a mutually permutable product of p-supersoluble groups (see [2] ). In particular, the question of whether or not the derived subgroup of a mutually permutable product of p-supersoluble groups is p-supersoluble is of interest.
Our first result of this section provides an affirmative answer to that question and it is a consequence of Theorem 3.
Theorem 4. Let the group G = AB be the mutually permutable product of the p-supersoluble subgroups A and B. Then G is p-supersoluble.
Proof We suppose that the theorem is false and derive a contradiction. Let G be a counterexample of minimal order. Since the class of all p-supersoluble groups is a saturated formation, it follows that G has a unique minimal normal subgroup, N say. Applying [1, Theorem 4.1.15], G is p-soluble and so N is an elementary abelian p-group of rank greater than 1. Assume that Φ(G) = 1. Then
) is p-supersoluble. Consequently, G is p-supersoluble. This contradiction shows that Φ(G) = 1, and so there exists a core-free maximal subgroup M of G such that G = N M and
Since A is p-supersoluble, A is p-nilpotent by [1, Lemma 2. The class of all p-soluble groups of p-length at most 1 is a saturated formation which is not closed under taking mutually permutable products: the symmetric group of order 4 has 2-length 2 and it is a mutually permutable product of a Sylow 2-subgroup and the alternating group of degree 4, both of 2-length 1.
Our next result establishes that the class of all p-soluble groups of p-length at most 1 is closed under the formation of mutually permutable products with p-supersoluble derived subgroup.
Theorem 5. Let the group G = AB be the mutually permutable product of the subgroups A and B. If A and B are p-soluble with p-length at most 1 and G is p-supersoluble, then the p-length of G is at most 1.
Proof Assume that the result is false and consider a counterexample G with |G|+|A|+|B| minimal. Then, by a routine argument, G has a unique minimal normal subgroup, N say. Applying [1, Theorem 4.1.15], G is p-soluble and so N is an elementary abelian p-group.
is abelian of exponent dividing p − 1 and G has p-length at most 1, which is a contradiction. Thus we may assume that N has rank greater than 1. Suppose that G = 1. Then G = N and G has a normal Sylow p-subgroup. This contradiction yields G = 1. Since G is p-supersoluble, it follows that G is p-nilpotent by [ Note that G is a subgroup of B and so N is also a Sylow p-subgroup of B. Note that AG is a mutually permutable product of A and G . If G is a proper subgroup of B, then the assumption about G implies that the p-length of AG is at most 1. Since O p (AG ) = 1, it follows that A p is a normal subgroup of AG . Therefore A p is a subnormal subgroup of G and then A p = N . We conclude that N is a Sylow p-subgroup of G, which is a contradiction. Consequently B = G is a p-supersoluble subgroup of G. This means that A = A p (A ∩ B) is a mutually permutable product of a nilpotent group and a p-supersoluble group. Applying [1, Theorem 4. 
